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ABSTRACT

In practice, trade credit induces more sales over time by allowing customers to purchase without immediate cash.
More often manufacturers offer a permissible delay on total purchase amount to the credit-worthy retailers. This is
called up-stream full trade credit. On the other hand, the retailers frequently request its credit-risk customers to pay
a fraction of the total purchase amount at the time of purchase and the remaining balance must be paid after the
permissible delay. This is called down-stream partial trade credit. The purpose of this paper is to establish an
economic production quantity (EPQ) model for deteriorating items with both up-stream and down-stream trade
credits. The associated profit function is maximized with respect to selling price and cycle time using classical
optimization. At the end of the paper, a numerical example and sensitivity analysis are provided to illustrate the
features of the proposed model.
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RESUMEN

En la préctica, el crédito comercial induce mas ventas a lo largo del tiempo, permitiendo a los clientes comprar sin
liquidez inmediata. Méas a menudo los fabricantes ofrecen una demora permisible en el total de la cantidad de
compra a los dignos de crédito minoristas. Esto se denomina up-stream pleno crédito comercial. Por otra parte, los
minoristas se pide con frecuencia sus riesgos de crédito a los clientes a pagar una fraccion de la cantidad total de
compra en el momento de la compray el saldo restante debe ser pagado después de la demora permisible. A esto se
le Ilama down-stream parcial del crédito comercial. El propdésito de este documento es establecer una cantidad de
produccion econémica (EPQ) Modelo de deterioro de elementos con tanto corriente arriba y corriente abajo los
créditos comerciales. La funcién de beneficio asociado se maximiza con respecto al precio de venta y el tiempo de
ciclo mediante la optimizacion clasica. Al final del documento, un ejemplo numérico y el analisis de sensibilidad
es ilustrar las caracteristicas del modelo propuesto.

PALABRAS CLAVE: items deteriorados, EPQ, crédito de comercio, Inventarios, retrasos permisibles en pagos

1. INTRODUCTION

Trade credit financing refers to the practice of suppliers allowing retailers to place and receive orders without
making immediate payment. In a competitive market, trade credit from the point of view of the supplier act as
a promotional tool to stimulate the demand. They do not charge any interest on the purchase amount within
the permissible delay period. So the retailers can earn some interest from the sales revenue during the
allowable delay period. Similar to the supplier, the retailer can also pass on trade credit period to his end
customers in order to generate more demand. Soni et al. (2010) gave a very fine review article for inventory
models under trade credit.

Min et al. (2010) developed an inventory model for deteriorating items under stock-dependent demand and
delay in payments. Lin et al. (2012) developed an inventory model with trade credit financing in which the
retailer gets defective items from the supplier. Sheng-Chih Chen et al. (2014) developed an economic
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production quantity (EPQ) model for deteriorating items with two-level trade credit. Researchers like Jaggi et
al. (2013), Giri et al. (2015), Shah and Cardenas-Barron (2015), Shah et al. (2015), Wu and Zhao (2015), etc.
and their cited references have done inspiring work in the area of inventory modelling with trade credit.
Recently, Lashgari et al. (2016) developed an inventory model for deteriorating items with two levels of trade
credit linked to order quantity.

In the present market scenario, the selling price of a product is a big factor for customers in selecting the item.
In practice, a higher selling price decreases demand of the product, whereas low price has the reverse effect.
Shah et al. (2013) developed an inventory model for deteriorating items with a price dependent demand under
biddable two-part trade credit. Mondal et al. (2003), You (2005), Teng et al. (2005), Maiti et al. (2009),
Shastri et al. (2014) have used price dependent demands in their research.

In this paper, we have developed an inventory model for a single supplier (or manufacturer), single retailer
and single item. The supplier offers a full trade credit to its credit-worthy retailers while on the other hand, the
retailer requests its credit-risky customers to pay the fraction of the total purchase amount in advance and the
remaining balance must be settled after the permissible delay period. The item considered in the study
deteriorates with constant rate and the demand rate is dependent on time and selling price. Under the above
assumptions, our objective is to maximize profit function with respect to cycle time and selling price.

The paper is organised as follows: In section 2, basic notation and assumptions of the proposed problem are
given. Section 3 includes the derivation of the mathematical model of the proposed problem. In section 4, a
numerical example is given to support the proposed model and sensitivity analysis is carried out followed by
conclusion in section 5.

2. NOTATION AND ASSUMPTIONS
2.1. NOTATION
Ordering cost per order (in $)

Purchase cost per unit (in $)

A

C

h Holding cost per item per unit time ($/unit)
0 Rate of deterioration (0<8<1)

p

Selling price per unit (in $) (decision variable)

R(p,t) Demand rate (t>0) units

p Production rate in units per year (P =1-R(p,t), 1 >1)

| (t) Inventory level at time t>0 (units)

T Length of production inventory cycle (years) (decision variable)
T Point of time at which production stops (years)

Q Maximum inventory level when production stopsat t=T;

Rate of interest charged per dollar per year

Rate of interest earned per dollar per year

Trade credit period offered by the manufacturer to the retailer (years)
N Trade credit period offered by the retailer to his end customers (years)
£ Fraction of the total purchase amount paid by customer (0 <e< 1)

Fraction of the total purchase amount remains to pay by the customer within the permissible
1-¢ delay period N
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z(T,p) Seller’s total profit (in $)

2.2. ASSUMPTIONS

1. The deterioration rate is considered as constant and there is no repair or replacement of deteriorated
items during cycle time.

2. The replenishment instantaneous and time horizon is infinite.

3. Lead time is negligible or zero and shortages are not allowed.

Demand rate R(p,t) is considered as R(p,t)=a(1+Bt) p 7 where, a >0 is the scale demand,
£ >0 and >0 isthe price elasticity.

5. The manufacturer offers a trade credit period M to the retailer. In credit-linked demand situation,
when a retailer gets delayed period for payments from the manufacturer, the retailer also tries to pass
on similar offers to his end customers. In our problem retailer offers partial trade credit period N to
his customers who needs to pay & portion of the total purchase amount at the time of purchase and
remaining balance must be settled within a permissible delay of N years.

6. During the credit period offered by the manufacturer, the retailer sells the item and uses the sales
revenue to earn interest from the bank at the rate lo . After the end of credit period the retailer pays
the purchase amount to the manufacturer. Now the retailer loses some money due to capital
opportunity cost at a rate of 1, for the items left in stock and the items already sold but not yet paid
by the customers.

3. MATHEMATICAL MODEL

During the period [0,T;], inventory is consumed due to demand rate R(p,t) and constant deterioration rate
6. The production is also going on in this period so it also affects the inventory level. The governing
differential equation for inventory level I;(t) atany time t, where 0 <t <T, is given by

dlgt(t)+9|1(t)=P—R:(I—l)R(p,t), 0<t<T, @

with the initial condition 1;(0)=0.

Now, during the period [Tl,T] , the inventory is consumed by the demand and deterioration only so the
governing differential equation in this non-production period is given by

dl, (t

%+9I2(t):—R(p,t), T <t<T )
with the end inventory level 1,(T)=0.
On solving the differential equations (1) and (2) with given conditions, we get the solutions as

|1(t):%[(14‘“)(9—5)%&] 0<t<T, @3)

and
|2(t):“;’—;n[(9—ﬂ+em)e9(“) ~(0-p+op)] Ti<t<T @)

As the function I (t) is continuous in nature, we can establish a relationship between T; and T . This relation

in simplified form is obtained as
1T(TS+TO+2
_1T(15+T0+2) -
2 -1

Here, our objective is to maximize retailer’s total profit. For the considered inventory problem the general
expression of retailer’s profit is given by

172



2(T,p) =SR—PC-0OC —HC - IC + IE (6)

Where,

;
SR = Net sales revenue = TB-[ R(p, t)dt
0

PC = Purchase cost =

cQ
T

. A

OC = Ordering cost = T

T, T

HC = Holding cost = h j Il(t)dt+f I, (t)dt
Tl T,

IE = Interest earned per cycle

IC = Interest charged per cycle

To derive retailer’s total profit, mathematical expression for IE and IC is required. For this up-stream and
down-stream trade credit periods should be taken into consideration. From the values of M and N, there

are two cases possible: (1) N <M and (2) N =M .These two main cases are then divided into sub-cases
based on the values of M, Tand T+ N .

Case1.1: N<M and M <T

Inventory Inventory
level level
Revenue ALY Revenue

*

Interest charged

Interest earned

Items sold but

A
¢
7 < Interest charged
not paid yet -

JE—=

A
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

» Time L
0 N M T TN ¢ 0 M T 7

For the portion of delayed payment For the portion of instant payment

Figure : N<Mand M<T

Time

As shown in figure 1, for the case 1.1 the retailer earns interest for the portion of instant payment during the
period [0,M ] and from the portion of delayed payment during the period [N, M ] . Therefore, the total

interest earned in case-1.1 is given by

M

IE, :p?'e{gj (R(p,t)-t)dt+(1—8)Mj (R(p,t).t)dt} ™

At the end of the manufacturer’s credit period M , the retailer pays the purchasing cost to the manufacturer.

N

Now the retailer incurs an opportunity cost at the rate of |, for, (1) all the items sold after M for the portion
of instant payment and (2) all the items sold after M — N for the portion of delayed payments. Therefore, the
total interest charged in case-1.1 is given by

&= o aas | g ®
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As aresult, the retailer’s total profit in case 1.1 using equations (6)-(8) is given by

_jM(R(p,t)-t)dt+(1—g)T+TM(R(p,t)-t)dt} ©9)

+pT|e[g'\f(R(p,t)~t)dt+(l—g) | (R(p,t)~t)dt]

Case1l2: N<M andT <M < T+N

Inventory Inventory
level Rcv:‘nuc level Keveiti
I 4
| |
I |
| |
| |
| Interest earned |
| |
| = |
| ) T 1 |
1 | | | |
~ Interest 7

— — charged | 7 ‘ | |
| | 23 < | | |
| | P | | |
| | P | | |

L L} Time ‘ [ L ) Time

0 N T M T4N > ) T M » Time

For the portion of delayed payment For the portion of instant payment

Figure 22 N<Mand T<M<T+N

As shown in figure 2, for this case the retailer earns interest for the portion of instant payment during period
[0,M] and from the portion of delayed payment during the period [N,M ] . Also since T <M , the retailer
does not need to pay any interest for the portion of instant payment. However, for the period [M —N,T] the

retailer must be charged for the items sold in this duration. Therefore, the total interest earned and interest
charged in case-1.2 is given by

T M-N
IE, = Pe H t)dt+s(M-T) _[R p,t)dt+(1—e) j )-t)dt} (10)
0
cl, T+N-M
IC, =—¢ {(1 £) j (R(p,t)~t)dt} (11)
0

As a result, the retailer’s total profit in this case using equations (6), (10) and (11) is given by

(T, p) =T£}R(p,t)dt—ﬂ—$—ﬂl} |1(t)dt+} I (t)dt]

M-N

+p'eH(R(pt) t)dt+e(M T)}R(p,t)dt+(l—g) j (R(p,t)~t)dt] (12)
CI{ T+N-M

1-¢) j (R(p,t)~t)dt]

0
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Case1.3: N<M and T +N< M

Inventory Inventory
level Revenue level Revenue
1 A
| |
| |
| |
| |
Interest earned | Interest earned |
| |
: AN | !
X | A | :
A1 1 | [ - I I |
S | | | > | | |
7 I | | s I | I
> | | { ' // : : |
0 N T TJN I{’l » Time ¢ T ™ | » Time
For the portion of delayed payment For the portion of instant payment
Figure 3: N<M and THN <M
As shown in figure 3, the total interest earned and interest charged in this sub-case is given by
T T
gj t)dt+2(M-T)[R(p,t)dt
0 0 ; (13)
|
p{(l g)j t)dt+(1-e)(M-T - N)jR(p,t)dt]
0
IC;=0 (14)
As a result, the retailer’s total profit using equations (6), (13) and (14) is given by
P CQ A h
73 (T,p)==|R(p,t dt—————— t+ |
2(T.p) =7 £ (p.)dt - ==~ j j
pl T T
+2e[(R(p.t)-t)dt+2(M -T)[R(p.t)dt (15)
T 0 0
pl !
1- g)j t)dt+@1-e)(M-T - N)jR(p,t)dt
0
Next we discuss two sub-cases for the second case N > M
Case2.1: N>M and M <T
Inventory Inventory
level Revenue level Revenue
1 '
| |
I |
| |
Interest charged | |
| |
I |
: |
. ‘ZI P | nicetcarmed <—1—- Interest charged }
| 2 | ’V*~4 I
| | - | | | |
| w7 | | I |
’\\ I | |
M N T o » Time 7 L o L, Time
For the portion of delayed payment For the portion of instant payment

Figure4: N>Mand M <T

175



As shown in figure 4, the total interest earned and interest charged in this sub-case is given by

ple |
|E4=Te[g£(R(p,t)-t)dt} (16)
Cl T-M T
IC, =T{g [ (R(p.t)-t)dt+@-&)(T+2(N-M ))J.R(p,t)dt} @7
0 0
As a result, the retailer’s total profit using equations (6), (16) and (17) is given by
T T, T
p CQ A hl|¢
74 (T, p)= ?E[R(p t)dt—T—?—?h |1(t)dt+Tj I, (t)dt]
Cl, T-M T
-TH e ! (R(p,t)-t)dt+(@-&)(T+2(N-M ))_([R( p,t)dt (18)
ple | Y
+Te['g£ (R( p,t)-t)dt}
Case2.2: N>M and M >T
Inventory Inventory
level Revenue level Havenue
i 3
[ \
l |
Interest charged | |
} Interest earned }
\ - \
| A 1 |
¥ g | // I\ | |
I s ] | 7 | | |
[ ) e | \ > I I \
I P | | P | | |
RPN I - | "
0 T M N THN » Time 0 T M » Time
For the portion of delayed payment For the portion of instant payment

Figure5: N>Mand M >T

As shown in figure 5, the total interest earned and interest charged in this sub-case is given by

I, T T
IE5:p?{g_([(R(p,t)~t)dt+g(M —T){R(p,t)dt} (19)
|c5_ {(1 g)j t)dt+(1-&)(N-M) jR p,t dt] (20)
As a result, the retailer’s total profit using equations (6), (19) and (20) is given by
T T, T
p CQ A h|}
75 (T, p)=?£R(p,t)dt—T—?—?[£ |1(t)dt+Tj Iz(t)dt]
cl T T
—T{(1—5).([(R(p,t)-t)dt+(1—5)(N—M)_([R(p,t)dt} (21)

+pT'e[gTj(R(p,t)-t)dt+g(M —T)](;R(p,t)dt}

0
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The retailer’s total profit in each case is function of two variables T and p . To maximize total profit with
respect to selling price p and cycle time T , the necessary conditions are
om (T,p) _

0and ZP) g i_12.5
oT ap

=0 simultaneously for each

* p* : il o (T,
The critical point (T",p") can be found by solving —aﬁ'a(_-l_r ) =0 and —”I(’E’p )

case and for maximum profit following condition should be satisfied for critical point.
2 2 2 2 2 2
0 ”I(Tip) a ”I(Tlp) _a ﬂ-i(T1p) a ”I(Tvp) >0 and 0 ﬂ-l(T’p) <O, 0 ”i(TVp) <0.
oT? op? aTép opoT aT2 op>
Using this approach, we calculate maximum profit in each case for the numerical example provided in
following section.

4. NUMERICAL EXAMPLE AND SENSITIVITY ANALYSIS
4.1. NUMERICAL EXAMPLE

Example 1: We consider an inventory system with following parameters in appropriate units:

a =5000, =018 0=3%, M =0.3year, N=02year, A=$100, h=$0.5 C=$%$10, I, =12%,
I, =9%, 1=15 &=03and n=162.

We have calculated maximum profit in each case using Maple 18 software for the above parameters and the

comparison of profit values for every case is shown in following chart.

w
i 15 = = == =
§ Case-1.1 C(f_i;i_? ?’I?:Eljl\/?; Case-2.1 | Case-2.2
e (M<T) s = (M<T) | (M=2T)
+N) )
Case-1 (N<M) Case-2 (N=M)

| m Profit (in $)|760.30402|767.73837/816.83719) 684.7513 |765.93164

Figure 6: Profit comparison in each case

As shown in figure 6, it is clear that optimal result is obtained in each case and profit function attains
maximum value in case-1.3 (N <M and T +N < M ). The optimal cycle time and the optimal selling price

for this case are (T*, p*):(3.873,10.2143) and the maximum profit is 7z,,,, = $816.8372. The concave

nature of the profit function in this case is shown in following figure.

Figure 7: Concavity of profit function in case 1.3
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4.2. SENSITIVITY ANALYSIS

In this section, we analyze the effect of inventory parameters on the profit function and the decision variables
of the proposed model. We change each parameter in between -20% to 20% at a time keeping other
parameters untouched. We perform this analysis only for the sub-case 1.3 where highest profit is achieved.

Results of sensitivity analysis are shown in following figure (8)-(10).
From figure 8, we can observe that

Selling price increases significantly when purchase cost C and parameter | associated with

production rate increases.
Price elasticity 7 drastically reduces selling price.

Parameters S moderately increases selling price and rate of interest earned 1, decreases selling

price marginally.
For other parameters, a very minor effect is observed on selling price.

selling price(in $)

11 -—
——— S e——
9
7
-20% -10% o 10% 2006

p ge change in p

—s—alpha —m—beta —a&—theta —=—M —N —.—a ——h

—c Ic ——le —-— epsilon eta

Figure 8: Effect of inventory parameters on selling price

From figure 9, we can observe that

A heavy decrease in cycle time T is observed when rate of interest earned 1, and price elasticity 7

increases.

By increasing parameters £, C and | a noticeable increase is observed in cycle time. Also a
noticeable decrease in cycle time occurs when parameters « and h are increased.

Other parameters have a very minor effect on cycle time.

T(inyears)

6.5

5.5
5
4.5 /
a — e
35 —_—‘v’_—v
3

2.5

20% 10% o 10% 20%
percentage change in parameters

—s#—alpha —@—beta —a—theta =M —t—N ——A e B

e Ic —a—le —-— epsilon eta

Figure 9: Effect of inventory parameters on cycle time
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From figure 10, we can observe that

e Retailer’s total profit decreases heavily, when | and 7 increases.
e Significant increase is observed in profit when demand parameters « and £ increases.
e For the increased value of the purchase cost C and rate of interest earned 1., the profit value

decreases significantly.
e  Other parameters have a very minor effect on profit.

2000
1800
1600

1400

b=
Q N
=] [=]
=} o

Profit (in $)

;g__{r—.:_.’*

®
(=]
o

[+
Q
o

B
=}
o

N
j=]
o

20% 10% 0 10% 20%
percentage change in parameters

—#—alpha ——beta —a—theta M —t—N —a—A —t+—h

—C Ic ——|e - epsilon eta

Figure 10: Effect of inventory parameters on profit
5. CONCLUSION

In this paper, we have studied an inventory model for deteriorating items with two-level trade credit. The
demand is assumed to be dependent on time and selling price. We have derived seller’s total profit function
and maximized it with respect to cycle time and selling price in five different cases, depending upon trade
credit period offered by the manufacturer and retailer. Using the numerical example, we have shown that out
of all cases the seller’s total profit is highest when N <M and T + N <M . The sensitivity analysis is carried

out for different inventory parameters.

In this competitive market, many firms and companies work on a low profit margin. Due to this they have to
use promotional tools like trade credit in order to attract more players and to stimulate demand. In this type of
scenario the proposed model is highly applicable. For further research, one can extend the model by
considering partial backlogging, shortages, effect of inflation, etc. We can also go for integrated solution for
both the seller and the buyer.
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